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1 Introduction and Main Results 

The problem on the numbers for central configurations is so important that S.Smale ([7])took it as one of the 
most important 18 mathematical problems for the 21'st century. Central configurations are important in the 
Newtonian N-body problems, for example, it's well known that finding the relative equilibrium solutions of the 
classical N-body problem and planar central configurations is equivalent. Central configurations also play other 
important roles, there were a lot of works on the existence and multiplicity and the shapes of central configurations 
([6]). But finding concrete central configurations is very difficult, here we consider some particular situations: the 
central configurations formed by two twisted regular polygons, we will explain it more clearly in the following. 

Definition ([6,8]): A configuration q — {qi, . . . ,g„) £ X\ A is called a central configuration if there exists a 
constant A £ R such that 

n 

rrijmk 

1 

The value of A in (1.1) is uniquely determined by 



I (gj - gfc) = -Xrukqk, 1 < fc < n (1.1) 



A-^ (12) 
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Where 



^ = <! g = (91, 92, . . . , gn) e R'" : ^ miqi = o| (1.3) 
A = {g : (jj = qk for some j =^ k} (1-4) 

-qk\ 



l<j<fc<n 

7(g) = ^ m^tel^ (1.6) 

l<j<n 

Consider the central configurations in formed by two twisted regular N-gons {N > 2) with distance h > O.It 
is assumed that the lower layer regular N-gons lies in horizontal plane, and the upper regular N-gons parallels 
to the lower one and z-axis passes through both centers of two regular N-gons. Suppose that the lower layer 
particles have masses mi,m2, . . . ,mN and the upper layer particles have masses rhi,rh2, . . . ,mN respectively. 
More precisely, let pk be the k-th complex root of unity, i.e., 

Pk = e''" (1.7) 

And we let 

Pk = apk • e'* (1.8) 
Where a>0,i = V^, dk = ^{k = 1, . . . ,N),0 < 9 <2Tr,e is called twisted angle. 



It is assumed that mk{k = 1, . . . ,N) locates at the vertex qk of the lower layer regular N-gons;mfc (k = 1, . . . ,N) 
locate at the vertex of the upper layer regular N-gons: 



qk = {pk,0) (1.9) 
qk = {pk,0) (1.10) 

Where ft > is the distance between the two layers. Then the center of masses is 

Y.j{mjqj + fhjqj) 

-0 = (1.11) 

Where 

M = Y,{mj+rhi) (1.12) 



Let 



Pk=qk-zo,P = {Pi,...,PN) (1.13) 
Pk=qk-zo,P=(,Pi,...,PN) (1.14) 



If Pi , ... , Pn ; Pi , . . . , Pv form a central configuration,then 3 A G R"*" ,such that 



JV JV . 

m 



j=l,j^k ' ■> ' j=l 

JV _ JV 

m 



E ^^(^-^.)+E^-^(^-^.) = AP.,l<^<iV (1.16) 



A=^^ (1.17) 
/(P,P) 
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In the following, we only consider the case of mi = ■ ■ ■ = tun = m and mi = ■ ■ ■ = ifiN = bm. Then 

zo = Y^imjqj + miqi)/M = Uo, (1.18) 
j 

And (1.15),(1.16)and(1.17)are equivalent to 

1 ,,, 3 /I _ 19 , l,c.\J m \ ' 1 -I- /i y ^ 



i<,<^-i 'l-ftl' ,iJtNiW^''-P^'+h^)i m\ 1 + 6 

A_ _ {} + ^) ^l<3<fc<iV 1^7^ + ^^El<j<iV (j-i_p^.|2'^_fe2)l/2 



(1.21) 



In the foUowingjlet p = -^jand we only consider the case oiQ<6<^ox—jj<9<jj because of the symmetry. 
When = 0,R. Moeckel and C. Simo ([4]) proved the following results: 

Theorem 1.1(R. Moeckel and CSimo). When h = Q,0 = O,for every mass ratio 6,there are exactly two planar 

central configurations consisting of two nested regular N-gons. For one of these, the ratio a of the sizes of the two 
polygons is less than 1, and for the other it is greater than 1. However, for A'^ > 473 there is a constant bo{N) < 1 
such that for b < bo and 6 > ^ ,the central configuration with the smaller masses on the inner polygon is a repeller. 



Theorem 1.2(R. Moeckel and C.Simo). When h > 0,6 = 0,if N < 473,there is a unique pair of spatial central 

configurations of parallel regular N-gons. If > 473, here are no such central configurations for b < bo{N).At 
& = bo a unique pair bifurcates from the planar central configuration with the smaller masses on the inner polygon. 
This remains the unique pair of spatial central configurations until b = ,where a similar bifurcation occurs in 
reverse, so that for 6 > ,only the planar central configurations remain. 



Zhang-Zhou ([10]) studied the necessary and sufficient conditions for the masses of the central configurations 
consisting of two planar twisted regular N-gons. They proved the following Theorem: 



Theoreml.3 If the central configuration is formed by two twisted regular N-gons (A'' > 2) with distance 
7i = 0, then 



N 



M 1 + 6 



.4-. . \i-Pi\' II- 



l<j<^-l 'i-<j<N 

■sp o(f - Pj)e 

^ a2M_„|3 

<j<iV-l ' l<j<N 



apje 



e\3 



N_ ^ c I ^j,. 
M a(l + 6) i ^ a^ll-Pi 

^ ' \l<j<N-l ' 



+ E 



ae — pj 



(1.22) 



(1.23) 



Prom their Theorem, a series of conclusions are derived, especially they have the following Corollaries : 
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Corollaryl.4(MacMillan- Bartky [3]) For AT = 2 and d = 7r/2,then 6 = 1 if and only if a = 1. 



Corollaryl.5(Perko- Walter [5]) For > 2,a = 1 and = 7r/iV,if (1.15), (1.16) and (1.17) hold, then fe = 1. 
When /i > Xie-Zhang-Zhou([9]) proved: 

Theoreml.6(Xie-Zhang-Zhou) The configuration formed by two twisted regular N-gons {N > 2) with dis- 
tance /i > is a central configuration if and only if the parameters a, b, h, 6 satisfy the following relationships: 



J_( ^-Po I V b^^-'^^^'po) ^ (124) 



" iSiv (|l-ae'Vf +ft2)3/2 (1-26) 
Zhang-Zhu ([11]) proved the following result for a special case: 

Theorem 1.7(Zhang-Zhu) When h > 0,if a = 1,6 = l,and 9 = 7r/iV,then for every TV, there exists a unique 
central configuration. Particularly, they proved that 

cos(6>j + n/N) + 1 _ 1 - pj ^ ^ 

(2 - 2cos(e, + n/N)f/' .^f^N-, \^ ' P^\' 



In the following, we let 



^ 1 

l<j<JV-l ' 

In this paper we will prove the following main results: 



1 - Pi 



(1.28) 



Theorem 1.8 If the central configuration is formed by two twisted regular N-gons (A^ > 2) with distance 
/i > 0, then only ^ = or 6 = 7r/Ar.Specially,if o = 1 and h = 0, i.e., two nested regular N-gons are on the same 
unit circle, then only 6 = iv/N. 

Corollary 1.9 For N > 2,h = 0,if a = 1, then b — 1 and 9 = n/N,i.o., there is exactly one central 
configuration formed by two nested regular N-gons on the same unit circle, which is the regular 2N-gons. 

Corollary 1.10 The configuration formed by two twisted regular N-gons {N > 2) with diatance /i > is a 
central configuration if and only if the parameters o, 6, h satisfy the following relationships: 



i. When h = and a =^ 1 



l<j<N 



l-acos{9j) A 
(l-ha2-2ocos(6»j))3/2 ~ ^ 



1 — o ^ cos{9j) . 
(l + a2-2acos(e,))3/2 ^ 
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or 



^ l-acosjej + f ) _ A_ 

i<%^ (l + a2-2acos(e, + ^))3/2 ^ 



1 - g-' cos(e, + f ) 



ii.When ft > 



1<J<JV (l+a2-2acos(flj)+/i2)3/2 ^1<J<JV (i+a2_2acos(flj)+h2)3/2 

(,„ Z' A _ 'T- 1 _ cosjej) 

Z^1<3<JV (l+a2-2acos(e3)+h2)3/2 J - 2^1<j<N (l+a^ _2o 008(9, )+h2)3/2 



coB( ej+y) 



<3<-'V (l+o2-2acos(e3+^)+/t2)3/: 



1<3<JV (l+o2_2ocos(ej + -^)+/t2)3/2 



<J<JV (l+o2-2ocos(fl +-^) + h2)3/: 



cos(0j ) 



<j<iV (i+a2_2acos(e. + -g,) + ?i2)3/2 



Corollary 1.11 For N > 2,h > 0,a = l,if the configuration formed by two twisted regular N-gons (A'^ > 2) 
with distance /i > is a central configuration, then = 1,^ = or 7r/Af,and there exists a unique h for each 9. 
In other words, there are exactly two spatial central configurations formed by parallel regular N-gons which have 
the same sizes. 



2 Some Lemmas 



First of all, let's establish some identical equations to simplify the problem. 



Lemma 2.1 



N . \pj-pk\ . . II 



1 - _ 1 



1 11-^^1' 4 



(2.1) 



Proof: It's easy to know 



We only need to prove 



\ - 1 - Pj ^1 \ - 



l<j<N-l 



l<j<N-l 



CSC ( ^ 1 > 0, 



TTJ 



l<j<k<N 



l<j<JV-l 



In fact, we have 
1 



^ 1 _ 1 _N ^ 



2 y - 



□ 
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Then we have 

l<j<k<N '^^ l<j<N-l ' 1<J<JV-1 



Lemma 2.2 We have 



cos{0j + 0) ^ cos(ej - 0) 

:f^,, (1 + a2 - 2acos{ej +6) + /i2)3/2 _ Z^^^ (1 + - 2acos{ej -9) + h^Y'^ ^ ' ' 



l<j<N ^ \ J ' / ' J l<j<N 





(l + a2 


— 2acos{9j 
1 


-9) + /l2)3/2 


(l + a2 


— 2acos{dj 
1 


-61) + /l2)3/2 


(l + a2 


— 2acos{9j 


- e) + /l2)l/2 




sin{9j — 





5 (1 + - 



i<i<jv (1 + «^ - 2ocos(27r - 6ij - 6>) + /i2)3/2 

cos{9N-j — 9) 



J^.r + 



cos{9k — 9) 



i<.<iv + 2acos(^. - ^) + h'^f/^ 

cosiOk - 0) 



J^.r (l + a^ 



(2.4) 



cos{9j + 9) ^ 1 

i4^iv (1 + «^ - '2acos{9j +9) + K^y/'^ (1 + - 2acos(9, -9) + /i2)i/2 ' 

sin{9j + g) ^ _ ■sp nviiyr^j - v) , , 

i<i<iv (1 + «^ - 2acos(6>,- + 6>) + 7i2)3/2 ^ (1 + - 2ocos(6>,- - 6>) + /i2)3/2 

Proof: For (2.3), we notice that 

X - oos{9i + 9) 

1<1<JV 2aC0s(e,. + e) + ft2)3/2 

cos(27r -9j -9) 



i<k<N (l + a^-2acos(efc-e) + /i2)3/2 
Similarly, we can get (2.4), (2.5) and (2.6). □ 
Prom (1.19), (1-20) and (1.21), and using (2.1)-(2.6) we can get five equivalent equations . 
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Lemma 2.3 (1.19), (1-20) and (1-21) can be simplified into the following equations: 



A + b 1 - acosjej +9) 

kT^Jv + ^acosiOj +0) + ft2)3/2 - ^' ') 

— .1+ V 1 - g-^cosjej + e) _ 

a3 ^^^^ (l + o2-2acos(ej +6l) + /i2)3/2 ^^ ^ 

V ^^"(^^- + ^) = (2 9) 

(1 + o2 - 2acos{ej + 6) + /i2)3/2 ^ ' 

(1 + o2 - 2acos(6ij + 6>) + /i2)3/2 = 1^6 ^ ' ' 



1^ a y ^"'""2^1<i<iV (l + a2-2acos(Sj-+e) + h2)3/2 

(l + 6a2 + ^) 



(2.11) 



ProofiWe write every vector in the equations of (1-19) and (1-20) into the forms of components, and apply 
(2.1)-(2.6), then (2.7)-(2.10) is obvious. (2.11) is also clear from (2.1)-(2.6) and (1.21). □ 

When h = 0,we have the next Lemma: 

Lemma 2.4 (1.19), (1.20) and (1.21) can be simplified into the following equations: 

A + b V 1 - acosje, +9) 

(1 + a2 - 2acos{9j + 9))^/^ ~ ^ ' 

V ^^"(^^ + ^) = f2 14) 

Proof: We only indicate that (2.11) can be gotten from (2.7) and (2.8) when h = 0. □ 
When h > 0,we have 
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Lemma 2.5 For h > 0, (1.19), (1.20) and (1-21) can be simplified into the following equations: 



A_„u cos(6'j + e) p , , 

i<l<iv + 2acos(e,- +e) + ft2)3/2 -1+6 i^-i^i 

(l + o^-2acos(6ij+6l) + /i2)3/2 1 + 6 

sm(6lj + e) 
(1 + o2 - 2acos{ej +e)+ /l2)3/2 



V sinje.+e) ^ 

kT^jv + 2acos(e,- + 61) + /i2)3/2 ■ 



^JJ^ (l + a2-2acos(ej+^) + /i2)3/2 i + fe ^^"^^^ 



Proof: It is obvious by (2.7)-(2.10). We only indicate that (2.11) can be gotten from (2.7) and (2.8) and 
(2.18). □ 

Lemma 2.6([8]) For n > 3, mi = • • • = m„,if mi, • • • , m„ locate at vertices of a regular polygon ,then they 
form a central configuration. 

Lemma 2.7 Let 

, ^ V- ■■^iiijOj +0) 

i^N (1 + a^ - 2ocos(e,- +e)+ a;)(2"+3)/2 ' 

whore 6 € (O, ■^) and a > 0,n € N,x > O.If gn{x) > in {a : a; > 0} for some n > l,then gj{x) > in {a; : a; > 0} 
for < j < n — 1. 

Proof : First of all, it is easy to know that gm{^) — > when a; — >■ oo for any m £ N. Since 

' ^ ^ - f 2n + l ^ ^ sinidj + 9) f 2n+l \ . , „ 

9n-i(x) 2 ; ^2-^ (1 + a2 - 2acos{ej +9)+ x)(2"+3)/2 " I, 2 J ^"^""^ ^ 

Thus g„_i(x-) > in {a; : X > 0}. Similarly, we can get (;„_2(a;) > in {a; : a; > 0},- • • ,goix) > in 

{a; : a; > 0}. □ 



Lemma 



2.8 Let aj>0,l<j<k,Ai>--->Ak> O.Then lim„^,^ {^i<j<k "j^?) " = 



Proof : Let 

B > > 6 > for 1 < j < fe. 

Then 



\l<3<k J 

So lim„^oo (Ei<j<fc ajA"^^ " = Ai □ 
Lemma 2.9 Let a,b > O.Then a — b and a »» — 6" are positive or negative at the same time. 
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The proof of Lemma 2.9 is obviously. 



Lemma 2.10 Let = Ei<,<;v |i+„2_ Jl:iy+,)+,2|3/2 ,then /(f) = QJ{-e) = -f{e) and }{9+^) = f{e). 
Proof: 

f(]L) = V sin((2j + l)7r/iV) 

i^N |l+a^-2ocos((2j + l)7r/iV) + ;i2|3/2 

sin((2iV - 2j - 1)tt/N) 

|l + a2- 

= - E 



11 + a2 

sin((2fc + l)n/N) 



^^.^j^ , - + a2 - 2ocos((2n - 2j - l)n/N) + /i2|3/2 



i<k<N-2 2acos((2A; + l)7r/iV) + /i2|3/2 



E |l+a2- 



sin((2fe + l)7r/Ar) 



i<k<N ■ ~ 2acos((2fc + l)7r/iV) + ft2|3/2 



= -/(-) 

Thus,/(-^) = 0. (2.19) 
Prom (2.6) we have /(-6I) = -/(6l),and f{0+^) = f{e) is obvious by the definition of f{e). □ 

Lemma 2.11 We have m = Ei<,<jv \,+a--2l7os%l+e)+h-\''' > for any a > and /i > when 9 € (0, f ). 

Proof :It is easy to know that we only need to prove 

, siniOi +9) „ . r ^ „i 

^ .S. + - ^'-cosV. + .) + .)3/2 > m {. : . > 0} 

for any £ (0, f ) and a > O.But by Lemma 2.7 we know that we only need to prove that 

= ^ (1 + ,2 _ 2aZl]l^ff) + x)(2'^+3)/2 > in {. : . > 0} 

for some sufficiently large n € N. Since 

/ _ sin{9j + g) 

S„W - 2^ (l + o2-2ocos(6l,+6>) + a;)(2"+3)/2 

0<j<iV— 1 ^ \ J / / 

■^-^ sin{9j + 9) -^—^ sin{6j + 9) 

(1 + a2 - 2a cos(e,- +9)+ a;)(2"+3)/2 + 2^ (1 + - 2a cos(e,- + 6*) + a;)(2"+3)/: 

■^-^ sin(9j + 6^) ■^-^ sin(9M-k + ^) 

^ ^ (1 + a2 - 2acos(ej + 6*) + a:)(2"+3)/2 + (1 + - 2a cos(6'jv-fe + 9)+ a:)(2 

Esin{9j + ^) sin{9k — 9) 

(1 + a2 - 2acos(6li +9)+ a;)(2"+3)/2 ~ 2^ (1 + o2 - 2acos(6»fc - 61) + x)(2"+3)/2 

Esin{9j + 9) sr-^ sin(9k — 9) 

(1 + a2 - 2acos(6'j +9)+ a;)(2n+3)/2 ~ 2^ (1 + a^ - 2acos(6»fc - 61) + x)(2"+3)/2 



'2 
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Prom Lemma 2.9, we only need to prove that: 

, _ [v^ sinje^+e) ] n _ sin(flfc-6>) ] " ^ r, 

1- a„ - [2^o<^<[iV^] (i+„2 _2a cosCe^- (2n+3)/2 J [2^1<fc<[f ] (l+a2-2a cos(efe-e)+a:)(2n+3)/2 J > U 

in {a : 1 > a; > 0} for some sufficiently large n e N. 

ii. e„ = a;^d„ > in {a; : a; > 1} for some sufficiently large n e N. 

Prom Lemma 2. 8, we know that 

l + o2 -2acos(6l) + a; 1 + 0^ - 2ocos(2i - 61) +a;'^ °°' 

But 

11 TT 

^; 5 — 77;^ ^ To TT. > 0, when 9 € (0, — )in {a; : 1 > a; > 0} 

l + o2-2acos(6') + a; 1 + a2 - 2acos(22: - 6>) + a; ' ^ N' ^ - - s 

So dn > in {x : 1 > a: > 0} for sufficiently large n € N. 
Similarly we have 

fin — s — 777^ 7, 7T, , when n — ^ 00 

l + o2-2acos(6l)+a; 1 + a2 - 2ocos(^ - 61) + a; 

However it holds 

£^ x^ _ 2aa^" (cos(g) - cos(^ - g)) 

1 + o2 - 2ocos(6l) + a; \ + a? - 2acos(2i - 6») + a; ~ (1 + - 2acos(0) + a;)(l + - 2acos(22: - 6*) + a;) 



> 0, 



when e € (0, ;^) in {a; : a; > 1} 
So Cn > in {a; : a; > 1} for sufficiently large n e N. 
As a result 

, , sin{9j + ff) 

gn{x)= 2^ (1 + o2 - 2acos(6»j +e)+ a;)(2n+3)/2 

0<j<N—l ^ \ J I I 

for sufficiently large n e N for any ^ £ (0, ■^) in {a; : a; > 0}. □ 



> 



3 The Proofs of Main Results 

Proof of Theorem 1.8: 

1) When ft = and a = l,in order to avoid overlap, we assume 0=^0, 27r/iV.So we only consider 9 € (0, 27r/iV).Prom 
Lemma 2.10, we know that,if we can prove 

f(n^ ^ V- sin(6>j + 6*) 

i^N 11 + - 2«cos(e, + e) + /i2|3/2 > 

for any a > 0, h > and 6 € (0, ;^),then there must he 9 = n/N. 
But by Lemma 2. 11, it is obvious. 

2) Except for /i = and o = 1, from Lemma 2.10 and Lemma 2.11,we know that there must be ^ = or ^ = 
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•k/N. □ 
Proof of Corollary 1.9: 

Prom Theorem 1.8 we know 6 = 7r/Ar,thus we have 6 = 1 by Corollaryl.5. We know it is really a central 

configuration because of Lemma 2.6. □ 

Proof of Corollaryl.lO: 

It is obvious from Lemma 2.4 , Lemma 2.5 and Theorem 1.8. □ 
Proof of Corollary 1.11: 

We have the following equations from Lemma 2.5 for a = 1: 



A- 6 V cos((^j _ M 

^ (2 - 2 C0S(^,- +e)+ ?l2)3/2 1 + b ) 



By (3.1) and (3.2) we have 



, 4 _ cos(6'j + 61) ^ hn 

i<l^Jv(2-2cos(0, +e)+/i2)3/2 1 + 6 ) 

V 5m(e, +9) _ 

i&(2-2cos(0,+e) + 7i2)3/^ 

Y.^ (2-2cos(^,+0) + ;i2)3/2 = (3-4) 



/l2 IX -ST^ cos(6ij + 6>) 

- ^) (2-2cos(.,+.) + /.T/^ = ° (3-^) 

(6^- 1)^=14-^ (3.6) 



i.if h ^ l,then 



^h<N (2-2c0s(e, +e) + /l2)3/2 



1<J<JV 



From (3.3) and (3.7) we can get 

V = (3 9) 

^ O.-'?. cnaif), ^2^3/2 " 



1<J<N (2-2cOs(0, +e)+/l2)3/2 



However, we have 
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(2-2cOs(e, +e)+/l2)3/2 

r<7^[K] (2 - 2cos(e,- +e) + /j2)3/2 + ^^^^.^^ (2 - 2cos(^,- + ^) + ft2)3/2 

sinjOj) ^ sin{dN-k) 

r2-2cos(ei + e) + /i2)3/2 + 2^ ^^(2-2cos{eM-k + e) + h^)3/^ 

l<i<[f] 0<fe<iV-l-[f] 

^ \ - sin(gj) >p sin(gjv_fc) 

(2-2cos(e,+^) + /*2)3/2 (2-2cos(e^_fc + 0) + ft2)3/2 

— J 1<K<[ 2 J 

_ sm{9j) sin(Sfc) 

i<^<[f] 
= E 



sin(6'j) sin(Sfc) 
(2-2cos(6», -6') + /i2)3/2 ~ 2^ (2-2cos(6'fc-0) + /i2)3/2 

i<fc<[T-] 



!<*:< 



■ iV-1 1 
2 J 



sm(6>fc) sin(6'fc) 

(2-2 COs(efe +6) + /l2)3/2 (2-2 008(6*^ - 6*) + /i2)3/2 _ 

sin(6'fe 



„ ^ (2-2cos(efe-6l) + /i2)3/2 

[^]<fc<[f ] ^ ; ; 



It is easy to know that no matter what AT is even or odd, we can get 

sin(6'fc) 

(2 - 2 mi 

[^]<^<[f] 



^-iS.r«i(2-2cos(e.-e) + /.2)3/2 



Because when N is even, from [-^^^j-^] < A; < [-^j , k has to be ■y,then smO^ = 0. When N is odd, from 
[^^] <k< [f], k does not exist. 



So (3.10) must be 



-sp sin(6ij) 

[i&] (2-2cos(0,+e) + fe2)3/2 



= E 



sin(6'fe) sin(6'fe) 
(2-2cos(6ife + 6l) + /i2)3/2 " (2-2cos(6lfe-6') + /i2)3/2 



(3.11) 



Let /,(e) = _ ^ 

[2 — 2 cos(t^j 

Then 



sill (Uk) siii((;,,) 

+ 6') + /i2)3/2 (2 - 2 cos(efc - e) + /i2)3/2 



fVfl^ - sin(9fc + e) 8m((ik - d) 

jfcW- -ism^Ok) [(2_2cos(efc+e) + /i2)6/2 + (2 - 2 cos(efc - 0) + /i2)5/: 



sin(6'^; - 



(3.12) 
(3.13) 



For every k satisfying 1 < fc < [^^^] ,it is easy to know that 6k + G (0, n] and 9k — G (0, vr] for every 



Furthermore, both 6k +6 and 9k — 9 can't be tt at the same time.So fk(9) < for every € [—jf, j^]. 
Hence we know that (3.9) has at most one solution. But we know that ^ = is one solution of (3.9). 
As a result we have ^ = 0. 
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Then by (3.4) and (3.7) we have 



1 — cos(^j) fj, 
^2^^ (2-2cos(e,) + /»2)3/2 = 



2sin2(6lj/2) 



So 

;n 2sin^(6'j/2) _ 

^ ^ iJ^iv (4sin^(e./2))3/2 - ' 

But this contradict (3.8). 
Hence it must be 

ii. b = l.Then (3.1)-(3.4) turn into 

cos(0j +9) _ fj, 



A- V cos^Pj +a> _n 

^^^^(2-2cos(e,+e) + /*2)3/2 2 ^ 

^ir<N (2 - 2 cos(^, +0)+ h^Y/^ - ^■'■''> 

11^ (2-2cos(e,+e) + ft2)3/2 = f (3-16) 



Thus we have 



V ^°^(^^ + ^) I V - A = (3 17) 

litN (2 - 2 cos(^, + e) + /i2)3/2 + ^2^^ (2 - 2 cos(0, + ^) + 7i2)3/2 

Let 

, . _ COs(6'j + 9) 1 . (r>-io\ 

" ihiv (2-2cos(^,+e)+ft2)3/2 + ^2^^ (2-2cos(e,+e) + /*2)3/2 - «^ 

Then 

' ^ -3fecos(6>j +i9) -3h 

ilfeiv (2 - 2 cos(e, + ») + /i2)5/2 + ^ Z^^ (2 _ 2 cos(e, +6) + h^f/^ 

^ cos(g, + g) + 1 

^2^^ (2-2cos(e, +e) + ft2)5/2 

It is easy to know that g'{h) < for h > and every 9. 
However we have 



hm gih) = hm f V , cosi9,+9) + l 



When 9 = Q ov 9 = 27r/Ar, it is easy to know that 

cos(0j +9) + l 



2 A\=-A<Q (3.19) 



hm g{h) = hm V , cos^.^ ^ . - A = oo (3.20) 

^^0^^ h^o 1 (2-2cos(6'j +6i) + /i2)3/2 / ^ 
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When 9 = tt/N, from (1.27) we have 

So there is exactly one h > 0,which satisfies (3.17) for ^ = or ^ = tt/TV. 

In conclusion, if o = l,then 6 = 1,^ = or ^ = 7r/iV,there exists a unique hfoT 9 = ot 6 = 7r/7V.In other words, 
there are exactly two spatial central configurations of parallel regular N-gons with the same sizes. □ 
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